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Abstract 

Calderon-Zygmund decompositions of functions have been used to prove weak- 
type (1,1) boundedness of singular integral operators. In many examples, the de- 
composition is done with respect to a family of balls that corresponds to some 
family of dilations. We study singular integral operators T that require more par- 
ticular families of balls, providing new spaces of homogeneous type. Rotations 
play a decisive role in the construction of these balls. Boundedness of T can then 
be shown via Calderon-Zygmund decompositions with respect to these spaces of 
homogeneous type. We prove weak-type (1,1) and \f estimates for operators T 
acting on ~LP(G), where G is a homogeneous Lie group. Our results apply to the 
setting where the underlying group is the Heisenberg group and the rotations are 
symplectic automorphisms. They also apply to operators that arise from some 
hydrodynamical problem involving rotations. 



1 Introduction and main result 

An example where G is abelian. In their paper on a "singular 'winding' integral oper- 
ator", Farwig, Hishida and Miiller [4] considered the following problem. A rigid body 
rotating with fixed angular velocity is surrounded by an incompressible viscous fluid. 
This situation can be described by the Navier-Stokes equations and the assumption that 
the velocity u of the fluid vanishes at infinity and is equal to the local velocity of the 
body at its surface. While estimating Am, an integral operator came into play. We con- 
sider a similar operator in a setting where G = R 2 . Then d/x = dx is a Haar measure 

on G. We denote rotations in the plane by O t (x) = ( C ° St Smt | -x, where f G M, 

F J rw V smt cosf J 

1 ,2 

A family of dilations is defined by D r (x) — ri -x, where r > 0. Let E(x) — e~' x ' and 
E r (x) = jEo D r -i(x) = jE(A^), x G R 2 . We introduce a linear operator by setting 



(Tf)(x)= r(AE t )*(foO t )(x)dt, 
Jo 



where A = d 2 + <? 2 2 , / e ^(R 2 ) and (/ * g) (x) = J R 2 f(y)g(x - y) dy. Setting y = AE 
and \f/ r = ~yo D r i , we obtain 

(Tf)(x) = [°° Wt * (foO t )(x) ^, /ey,i£ R 2 . (1) 
Jo / 



1 



Figure 1: The quasi-ball B of radius 1 and center (3,3). 



Note that / \]/ r (x)dx = 0, which implies some cancellation when smooth functions are 
convoluted with y/ r and t is small. This cancellations suffices to make the integral in 
(Q]) converge. The arguments used in [4| suggest that T can be extended to a bounded 
linear operator on L p if 1 < p < °°. The operator T is said to be of weak type (1,1) or 
bounded from L 1 to L L °°, if fi ({x : \Tf(x)\ > A}) < for all A > and all /. 

So far, we had no hints on whether T is of weak type (1,1). We will show that this is 
indeed the case. The proof will rely on quasi-balls B as the one depicted in Figure [TJ 
More precisely, we define the quasi-balls B r as unions of Euclidean balls of radius r2 
by 

8 r (z)= 1J {iel 2 : H 2 <rH + 0,(z), z eI 2 />0. 

— r<s<r 

An example where G is nonabelian. The set C 2 xR together with the product 

[(mi,vi,,Si),(«2,V2,*2)] = (0,0,Im(i7r« 2 + vrv2)) 
is a real Lie algebra. Furthermore, the product 

1 , 

x-y = x + y+-[x,y], x,yeC xl 

defines a real Lie group, the Heisenberg group M.2. If a, /3 el, the symplectic automor- 
phisms O t (u,v,s) = (ue ,at ,ve'P' ,s) can be viewed as rotations and the automorphisms 
D t (u,v,s) = (tu 7 tv,t 2 s) as nonisotropic dilations, yielding a noncommutative example 
for the general case. 

The more general setting presented below has been described and explained by 
Folland and Stein ||6] Chap. 1]. We add the notion of rotations. For the sake of 
simplicity, the assumptions are slightly redundant. 
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Assumptions Let G be a connected and simply connected nilpotent Lie group with 
Lie algebra g, dimg = n>2. We identify G with g via the group exponential function, 
so G is the manifold g together with a group product that is given by the Campbell- 
Hausdorff formula and the Lie product [•. •] on g. In this setting the neutral element of 
G equals g . We have the identities x~ 1 = — x, xy = x +y + A [x,y] + . . ., exp G = Id and 
AutG = Autg C GL(g). 

We assume that A is a diagonalizable linear operator on g whose eigenvalues are 
positive and that {exp(Alogf)} ( is a family of Lie algebra automorphisms. Further- 
more, we assume that {D t } t >o is a family of Lie group automorphisms such that 
dD t (e) — exp(Alogf). Then {D t } t >o is called a family of dilations and G is called 
a homogeneous group with respect to {D t } t . Q = trace A is called its homogeneous 
dimension. The maps D t = exp(Alogf) are linear. 

Let O : M — > Aut(G) be a continuous homomorphism whose image is relatively 
compact. We also write {0,}, e K instead of O and refer to {<9 r }, e ij as the family of 
rotations. We assume that rotations commute with dilations, which amounts to saying 
that the eigenspaces of nontrivial dilations are left invariant by rotations. 

From now on we identify g (and hence G) with M". The map t n- det(3 r is a 
continuous homomorphism from (K, +) to (R\ {0}, •). Since det(9]K is a subset of the 
compact set det((9jj) in M, it is also bounded. Hence for every t we have det(3, = 1 
and O t E SL(n). Since the closure of {Ot : t £ M} is a compact Lie subgroup of 
the connected group SL(«), it can be conjugated into the maximal compact subgroup 
SO(n) of SL(n) [8|. Therefore, the identification of g with M" can be done in such 
a way that O t E SO(n) for all f, and we will proceed on this assumption. We define 
^(G) to be ^(W 1 ) and use the Euclidean Schwartz norms 



Instead, Schwartz norms defined in terms of invariant vector fields and a homogeneous 
norm could be used, see [6, p. 35]. 

We use the Lebesgue measure dx on G and denote it by jj. when measuring sets, 
that is, (M) = f M dx. This is a left- and right-invariant Haar measure. Let L p and 
L 1,0 ° be the Lorentz spaces L'^GjCk) and L 1 '°°(G,djc) respectively. Note that || • || { ^ is 
a quasinorm, and that L l o ° is complete J7J Thm. 1.4.11.]. We denote the convolution 
of / and g by (f*g)(x) = f G f(xy~ l )g(y)dy. For any function y/ : G — > C and t > 
we denote by y/, = t~®y oD t -i the L'-invariantly dilated function y/r- 

The singular integral operator We fix some yr € ^(G) with / yi{x)dx = and 
define 



With techniques similar to the ones used in the proof of Lemma[3] it can be shown that 
(0 converges. For the proof of the following theorem, we will rely on a definition of T 
as an operator on L 2 (G), which is compatible with (O. 
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Theorem 1. Let 1 < p < 2 ant/ r as 10. There exists a constant C such that for all 
f € 5? and all A, > we have the estimates 

H({xeG : |r/(*)|>A»<cM± (3) 

one/ 

M p <C||/|| p . (4) 

Hence T has a unique extension to a bounded linear operator on h p , p €]1,2] and a 
unique extension to a bounded linear operator from L 1 to L >°°. On the premise that 
\j/(Otx) = \jf(x) for all t andx, the preceding is also true for 2 < p < °o. 



2 Prerequisites 

Homogeneous norms. A continuous function |-| : G —> [0,°°) is said to be a homoge- 
neous norm on G with respect to {D t } t if it satisfies \x\ = 4^ x = 0, | jc 1 1 = |x| and 
\D t x\ = t \x\ for all t > and x G G. Some authors require homogeneous norms to be 
smooth away from the origin. There exists a homogeneous norm | • | that is invariant 
under rotations; that is, 

\O t x\ = \x\ (5) 

for all x, t. For a hint on how to produce such homogeneous norms, see the example in 
Sect. [7] We will keep one such homogeneous norm fixed. The terms | jc | an d l-^ 1 1 
define left-invariant and right-invariant quasi-distance functions respectively. These 
quasi-distances are symmetric and coincide if G is abelian. We refer to them as the 
homogeneous distance between x and y. We use the term quasi-metric for symmetric 
quasi-distance functions; namely, if d is a quasi-metric then x — y ^ d(x,y) = 0, 
d(x,y) — d(y,x), and there is a constant K such that d(x,y) < K(d(x,z) +d(z,y)). 

Balls and spheres. Balls and spheres with center and with respect to | - 1 are 
defined by B, = {x £ G : \x\ < r} and S r = {ieG : \x\ = r} respectively. The ball 
with center z and with respect to the left- and right-invariant quasi-metrics are equal to 
Z ■ B r and B r ■ z respectively. 

Integration. The definition of Q is natural in the sense that there exists a constant 
C so that f B dx = Cr@, for all z € G, r > and that detD, = r@. Furthermore, there 
exists a positive Borel measure a on Si such that all /eL 1 (G) can be integrated using 
spherical coordinates by 

/ f(x)dx = [ [ f{D r x)Aa{x)r Q - l dr. (6) 
Jg Jo jS] 

Since O t £ SL(n), is invariant under rotations: 

I f{x)dx = j{foO t ){x)6x (7) 

for every / and t. Note that f r *g r — (f*g)n an d that (f*g)oO t = (foO t )* (goO t ), 
forall/jgeL^G), t el, s>0. 
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Constants. We will use miscellaneous constants C,C' ,C\ > etc. whose values 
vary from line to line and who may depend on the geometric setting, for example, on 
the homogeneous group. Occasionally we write a(x) < b(x) or a < b to indicate that 
there is a constant C such that a(x) <C- b(x) for all x. Furthermore, a ~ b shall mean 
that for some C\ , C 2 , we have a(x) < C\ ■ b(x) < C 2 ■ a(x) for all x. 

Norm estimates. By 7 we denote the smallest eigenvalue of A and by T the greatest 
eigenvalue of A. 

For any vector space norm ||-|| and any relatively compact neighborhood U of the 
origin there exist constants C\ , C 2 > such that we have the norm estimate 

\x\ r <Ci\\x\\<C 2 \x\ 7 for all* €E/ (8) 

and 

\x\ 7 <Q \\x\\ <C 2 \x\ r for all x e G\U. (9) 

Cancellation. The quantity | y(jc) — y(y) | can be estimated in various ways in 
terms of the distance between x and y, for example, see J6] p. 28]. The following 
lemma is fine for our purpose. 

Lemma 2. For any I € N there exists a constant C and a Schwartz norm ||"||oy) such 
that for all \y £ ^(G) and all x,y £Gwe have 

i^ ) ^wi<ciirii w -ix-vr.( IT ^ +ITT ^). 

Proof. We find and C such that the Lemma is true on the additional assumption that 
I* > L because y e ,y. We will possibly increase the values of and C later. 
Now let I jjc 1 ^| < 1. Since the map 

h : G x G — > G, {x,z) > x — xz 

is smooth, any derivative of h is bounded on any compact set. Furthermore, we have 
h(x,Q) = 0. Now compactness and the norm estimate © yield for any x with |x| < 1 

||*-y|| 2 = ||A(*.* _1 y)|| 2 ^ c i II^V|| 2 < C 2 \x~ l y\ r - (10) 
If t = \x\ > 1, using dTOb with x — y replaced by D t -\x — D t -ry, we obtain 

||*-y|| 2 = ||A(A-i*-^y)ll2^llA||ppll^ l -i*--D / -iJ'll2 

< Ct r I (D t -ix)- 1 (D t - iy ) 1 7 = Ct T -l \x- l y\ 7 = C \x\ T - y \x~ l y\ 7 . ' ' ' ' 

Interchanging the roles of x and y in ( fTTT i and combining with ( [Tol l, we get 

||^-y|| 2 <C(l+rmn{W,b|} r -'')|x- 1 y| r . 

With the help of (O we find some peE such that |z| r ~ y <C\\z\\ p 2 for all z S G\B\. 
Setting R = min{||x|| 2 , ||y|| 2 }, it follows that 

\\x-y\\ 2 <C(l+R) p \x- l y\ 7 . (12) 
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We choose an integration path from x to y in M = {z E G : ||z|| 2 > R} such that 
the length of this path is bounded by a constant multiple of ||;e — y\\ 2 . Let us estimate 
| y(x) — \jf(y) | by integrating along that path. Since y/ £ J?, we find a number N such 
that 

|(Vv/)(i + IMI 2 ) /+ X<llv/|| w - d3) 

Putting ( TTSl i and ( fT3l l together, we obtain 

|y(*) - y(y)\ < d \\(Vy)i M \L \\x-y\\ 2 < n SL a + R Y I*' 1 / 



Finally, because of 



< 



(i+j?)'-(i+ll*y (1+W2)' 



we get the desired result. 

Lemma 3. There is a constant C and a Schwartz norm 



I (AO 



□ 



such that for all <p € 



■¥{G) with J (p = 0, all y/€ y, and all < s < 1 we have 

\\V*«Ps\\i <C||^|| W ll<Pll(iv)* r and \\Wm*9\\i <C||^|| (A r)||<Pll(iv)* r - 
Proof. We give a proof of the first inequality. Using Lemma|2]with / = n + 1 , we obtain 



IV*<Mi = 



W(xy l )(Ps(y)dy 



dx 



y{xy 1 )-\i/(x)](p s (y)dy 



dx 



<C 
<C 

<c 
<c 

<c 
<c 



\]/(xy [ )-y/(x)\-\(p s {y)\dyd. 

1 



M 7 (- 



^ + (l + \\xy-%)^ )l(Psiy)ldydX 



1 



2J ■ (i+n^- i ii 2 r i 

dx) f \y\ r \cp s (y)\dy 



M \J (i + NI 2 )" +1 

(AT) J \D s y\ r (p(y)dy 

( N ) s7 J \y\ r <p(y)dy 

(N) II <P II (AO s7 - 



)dx\<p s (y)\dy 



□ 



6 



3 L 2 results 



The space L 2 (G) together with the product (f\g) = f G f(x)g (x) 6x is a Hilbert space. 
This allows to extend the linear operator T defined by (O to a bounded operator on 
L 2 (G), yielding for p = 2. Observe that the operators 

A r :L 2 (G)^L 2 (G), A t f = y t *(foO t ), t > 0. 

are bounded by Young's inequality, which is valid in the context of homogeneous 
groups, and by Q. Namely, we have ||A, | < || V"|| i for every t > 0; and A*f = 
(V* */) ° O-u where y/ r *(x) = Vi x ~ 1 )- 

The set § = \E C]0,°°[ : E measurable and f E y < °°} ordered by inclusion is a di- 
rected set. 

Theorem 4. The net (j E A, f) E e£ 

converges in the weak operator topology to a 
bounded linear operator T on L 2 (G), whose restriction to equals T . 

Proof. The main task is to show that there is a function h such that 

\\A t A*\\l<h(t,s) and \\A*A S \\^ <h{t,s) (14) 

and 

sup / h(t,s) — < oo. (15) 
s >o Jo t 

Then the proof will be finished by using a continuous version of Collar's lemma |5 S 
Appendix B]. Let s,t > and / g L 2 (G). We have the estimates 

\\A t A*f\\ 2 = || V^*[W*/)°07 1 °0,]|| 2 

= \\(Wt°o s -t)*(\iC*f)\\ 2 

= ll[(^°^- t )f*V^]*/)ll 2 

<ii(v/oG. s _ ( ),* r ;iiiii/ii 2 , 



\\A;A s f\\ 2 =\\( W **[Y s *(foO s )])oO- 

<M*WsUf\\ 2 - 



1 1 
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Setting 



h(t, s ) = || (v/o Os- t )t * v^lli + Ik; * Vs\\ \ , 



we obtain (fl4l . It remains to show d!51 l. This can be done by using the Schwartz norms 
of y/o O s -t, which are bounded uniformly in s and f, and Lemma [3] Let us consider 
an arbitrary family {<f> s ''} s , f >o of Schwartz functions such that ||<p s ''|Ljv) < Cn for all 
s,t > 0. Furthermore, assume % £ 5? and f <p 5 '' = fx = for all s,t > 0. Then there 
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exists a Schwartz norm such that for all s > the estimate 



<Pt' *Xs 



I (AO 

i df 



t Jo 



<Pts *Xs 



A df 



\(9t' tS *X)s 



i df 



\<Pt' *x\\i - 



t\\<pr*x\ 

Jo 


i df 

>7 4 


/' 

Jo 


%- 


~ ls *x 


i df 
l f 


JO 


i df 

' 7 4 


/' 

Jo 


<p s '' 


>s *Xt 


3 df 
l f 



< C sup p> 



llzll 



i r l r df 



(A?) I II/. II (AT) 



< C sup <p 



s,f|| 2 



llzll 



(AT) / MAM(JV) 



holds. Setting (p s >' = ij/oO s _ ( , j = y/*; and <p 4 -' = y*, x = y, yields ( fHI ). It follows 
that r = lim^g^ J^Af y for some bounded operator T on L 2 (G). 

Let / and g be Schwartz functions. We have HA,/^ < || V^IU ||/|li < Cr Q and 
furthermore, for < f < 1, Lemma [3] yields \\A t f\\ x < C^IMIw) 11/11 (#)■ This results 
in 



o jg 



r l Mx)- g (x) dxdt< / r 1 ||A f /|| 1 -|kLd/<oo, 

Jo 



'l Jg 

that is, (f.x) M> f _1 A;(x) ^(jc) 



f dxdf< J t I |l^/IL-Iklli^<°°! 

is integrable. Fubini's Theorem yields 

(Tf\g) 

= lim/ (A t f\g)^ 

E Je t 

r l A t (x) ■ g(x)dxdt 



o Jg 



(16) 



f 1 A t (x)dt -g(x)dx 



igJo 
(Tf\g), 



showing T 



= T. 



□ 



From now on we denote T by T 
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4 A space of homogeneous type 



We now define quasi-balls B CG. For any r > and yeGwe set 

B r (y)= U B r -(0,y). 

Then by Q we have x £ B r (y) « y€ 3i : |s| < r A bt • (9 s y _1 1 < r and 

(9,(5, (y)) = B r (O s y). We show that the balls B possess the engulfing and doubling 
properties as described by Stein in [10, p. 8]. 

Theorem 5. There exist constants C, k > such that for all ij€G and t > 

B t (y)nB t (x) ^ => fi,(y) C (17) 

M(52f(*))<C-M(*W). (18) 

Proof. Choose aj, . . . ,«/ G G such that Z?2 C U[=i a^i- These exist, since B^ is rela- 
tively compact and {z-B{\ ze Q is an open covering of B^- It follows that Bi t = D f Z?2 
A(UjLl«* B l) C ULi(Afl*)(A«i) = ULi(A^)Br- Finally we obtain 

M(S2f(*)) = M(«2i • {0.x : s e [-2*,2*]}) 

< Ai ( ( U (A**) ' ( U { A+cr* : ki < jj 

<M ( U U (A^)-Br{O i+CT ^ 

/ 

< £ L M((A^)-Br{0, +tT x 

£=l<T = ±f 
/ 

<E E M(0_ a (B r -{0 4 . +(J x 

k=\ a=±t 

<£ I M(ft-{0.vx : |i|<f}) 
= 2lfl(B t (x)). 

This is the doubling property ( fT8l . The engulfing property (TTTb is known to be true 
when the quasi-balls B t are replaced by the simpler quasi-balls B t . So we may choose 
a constant k > 3 such that (fTTT i holds with B r instead of B, and proceed to prove (I17t . 

Now assume that Z?,(jc) nfi ; (y) 7^ 0. Choose a,b e [-?,?] such that B, ■ (O a x) n 
fir • (<5 6 y) 7^ 0. Property (|T7) with B instead of B yields B t (O a x) C B kt (O b y). Let 
s G [— f ,f]. Rotating both sets with <3 s _ a and keeping in mind that |s — a + b\ < 3t < kt, 
we conclude thatfi, • (O s x) C B kt (0.^ a+b y) C fi fa (y), that is, B r (x) C □ 

Corollary 6. 77ze Hardy-Littlewood maximal operator 

(Mf){x) = sup 1 /_ |/(y)| rfy 

r>0 jJ.{B r {x)) JB r (x) 
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is of weak type (1,1). 

For a proof, see [ 1 1 for example. The quasi-balls B define a quasi-metric 

d(x,y) =inf{r>0 : x£§ r (y)}. (19) 

This quasi-metric yields a space of homogeneous type in the sense of Coifman and 
Weiss |2|. Note that for any quasi-metric there are constants Ci,C2,C^ > 1 such that 
for all x,y,y we have 

C\ ■ d(y,y) < d(x,y) =>■ d(x,y) < C2d(x,y) < Cj,d(x,y). (20) 



5 The integral kernel 



In this section we study singular integral kernels K(x,y) related to T. Let 77 : G — > C 
be a continuous function such that HtjH^ = C\ < °° and sup x r)(x) \x\ = C2 < 00 for 
some N > Q. 



Lemma 7. The integral 



-In dt 



K n (x,y)= ritix-O-ty-')-, x^y,x,yeG (21) 
Jo t 

converges and defines a continuous function K : G x G\ {(x,x) : x € G} — > C. There 
exists a constant C such that 

\K n (x,y)\<C-[d(x,y)]- Q (22) 

for all x,y G G, x ^ y. The estimate (1221) remains true if in (1211) 0- t is replaced by O t 
or x- 0- t y by (0- t x) -y -1 . 

Proof. Assume that xo,yo e G and that d(xo,yo) — £ > 0. Then for any < t < e we 
have 

1 1 



|*0 • O-,y I > £ 
and there is a 8 > such that 

\x-0-,y |>2 for allx e B 5 -xo, y G -yo and < f < £. (23) 
We will construct a function H : K + — > K + such that 

|Tj,(x-0_,y _1 )| <H(t) forallxGB 5 x , yGBg yo and 0<f <£ (24) 
and such that 

ff(0— <Ce _e , (25) 
t 

where C is a constant depending on 77, but not on x or y. Then the estimate d22l ) is 
obvious. Furthermore, the convergence of the integral and the continuity of K follow 
by the dominated convergence theorem. To prove ( |25] |. note that 77, (x ■ 0- t y 1 ) = 
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f~2jj oh(t), where h(t) — D t -i(x- 0- t y~ l ). Because of d23l >. \h\ is bounded from 
below by \h(t)\ = t~ l \x- 0- t y~ l \ > \t~ x £ > \ for < t < e, and 77 is bounded from 
above by 

\noh(t)\ < 

\h(t)\ 



rjoh(t)\< 7: %^<C 2 2 N -t N -e- N . (26) 



Then H(t) = r Q \ N N _ N * >£ yields (|24]i and (|25]), which finishes the proof 

I CjT. t £ t < £ 

of Lemma|7] □ 

For example, 77 = y and TJ = | v| satisfy the assumptions of Lemma|7] Note that 
(l22l is weaker than the condition 



required for standard Calderon-Zygmund kernels, see Sect. [8] 

The pointwise estimate (l22l does not suggest integrability of K(-,y): 



[d(x,y)]~ Q dx> / |xy _1 | Q dx = C r Q r Q - 1 dr = °°. 
; Jg Jo 

Nonetheless, if = £ K ri +K^, where 

re fa 

e K n (x,y)= ri t (x-0- t y- 1 )-, x^y lX ,yeG, (27) 
Jo t 

K*{x,y) = f T]i (x ■ 0—ty~ ^) ~ j x,yeG, (28) 
Je t 

then £ Kr! ( • ,yo) is a function that is integrable at infinity and K £ is a bounded function 
such that for every yo the kernel satisfies some estimate (x,yo) < \x\ as x tends to 
infinity. If 77 > and 77(0) > 0, then even K £ (x,yo) > \x\~ Q . 

Lemma 8. There is a constant C such that for all y, 77, and £, we have 



/ J e K n (x,y) I dx < C- sup 77 (. 

Jd(x,y)>£ x 



x) \x\ N 



Proof. Without loss of generality we assume 77 > and C2 as before. Assume that 
< e < d{x,y) and < t < e. Then we have \x ■ 0- t y~ 1 1 > e. Substituting z for 
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x- 0~ t y 1 , we obtain \z\ > £ and, using spherical coordinates ©, we obtain the estimate 



d(x,y)>e Jo 
e 



T} t (x-0- t y~' 1 ) — Ax 
At 



< / / nt{z)dz- 
JO J\z\>e t 

£ /,'Xl>f" (z)dz 7 

£ /e\Q- N At 



<CC 2 

Jo \t 

<cc 2 . 

□ 

Lemma 9. The operator T is expressible as a singular integral as follows. For all 
f G L 2 (G) with compact support and all x G G \ supp/, the integrals 

Tf(x) = [ K ¥ (x,y)f(y)Ay and T*f(x)= [ K^x)f{y)Ay 
Jg Jg 

converge and equality holds for almost allx G G \ supp/. 

Proof. The function K^i is continuous by Lemma [7] If f,g G L 2 (G) have compact 
support and supp/n suppg = 0, then we have the estimate 



oo>[ I K lvl (x,y)\f(y)\\g(x)\AyAx 

J G J G 



m(x-0- t y- l )-f(y)-g(x) 



IGJGJO 

Tonelli's and Fubini's Theorems imply that 



At 

— Ax Ay. 



, , K y(x,y)f(y)dy g{x)dx 
IgJg 

III y t (x-0- t y- l )-f(y)-W)^-AxAy 
JgJgJo t 

\l/,{x-0- t y- l )-f{y)Ayg(x)Ax^- 
o JgJg t 



I I Yt(x-y l )-f(O t y)Ayg(x)Ax^- 
o JgJg t 



(Wt*(f°O t )\g)j 
\Atf\g)j 



(Tf\g), 
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where O t y has been substituted for y. A similar calculation yields 



GJG 



K ¥ (y,x)f(y)dyg(x)dx=(T*f\g). 



Finally, let B C G be a compact ball with rational radius and rational center such that 
B C G\ supp/. Then f G K v (x,y)f(y)dy converges for all x G B, 



(Tf\g) = ([ K v (-,y)f(y)dy\g) 
JG 



holds for all g G L 2 (B) and hence Tf(x) = f G K xlf (x,y)f(y)dy for almost all x € B. 
Since there are only countably many balls Z? and every jc € G \ supp/ is contained in 
such a ball, we have equality for almost all x E G\ supp /. 

Similar arguments apply to T* . □ 

We will need the following technical lemma. 
Lemma 10. There is a constant C\ > such that, for all x € G, t > and s G [— i, 4], 

i 



KA-VO (A *)| <Ci |Dr *|-(y 



Proof. The map 



/z : {jc € G : |jcj = 1} X [— -,2] —> G, (x,p)t->x D\ +p x 



is the restriction of a smooth map to a compact set. Since furthermore h(x,Q) = 0, we 

1 p £ [— 1, 2] we have 

l=>||jc _1 2)i + pa:|| 2 <C|p|. 



find a constant C such that for all p G [—4,2] we have 



The norm estimate ([HJ yields 

|jc| = 1 |jc _1 Z)i +p jc| <C|/j|r. 
Setting p = -r l = -^-,we obtain the estimate 



1 


jc _1 D , x 


<c 


s 


V 

<Ci 


s 




t—s 




t — s 


t 



and for arbitrary x with |jcj = r, we have 



Ci 



X 


with 


s 


i 






t 





{D- v x~ v )Dj_D- l x = r- l tUD- l x- l )(D-_\x) 



Finally, multiplying with r ■ t 1 yields 



s 


T _ 
t 


l \*\>\ 


t 







r 1 \x\ > \{d; 1 x- 1 ){d;} s x)\ = KA-^)- 1 ^ 1 *) 



-1 ..\-l/r>-l. 



□ 
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Theorem 11. There are constants k and C and a Schwartz norm such that for 

all \j/ £ S"(G), 8 > 0, y € G, y € B$ (y) it holds that 



\K v (x,y)-K v {x,y)\dx< C\\y\\ 



IG\B kS (y) 

If in addition \j/(O t x) = y(x) for all t and x, then 



G\B k5 (y) 



K ¥ (y,x) -K v {y,x) dx < C\\yf\\ 



(29) 



(30) 



Proof. Given the assumption about \jf, we have 



A'(.v..v)= / y;(x-O t y- l )j. 



Therefore, d30l ) can be proven like d29l with minor changes. We prove d29l ): Because 
of (l20l >. there is some k > 3 such that d(x,y) > kS A d(y,y) < 8 =>■ d(x,y) > 28 for 
every 5 > 0. Let 8 > and _y, 3? e G such that d(y,y) < 8. Let 5 be a number such that 
lOfVy -1 1 < 8 and \s\ < 8. Lemma|8]yields the estimate 



Jd(x,y)>k5 

for some Schwartz norm II ■ 



28-s 



s K ¥ (x,y)- 2< >K v (x,y) <C||y|| (Ab)1 
i No y Hence, it is sufficient to show that 
J g \K 2 v S - s (x,y)-K 2 v S (x,y)\ dx <C\\Y\\ m . 



Observe that by substituting t — s for t, we have 



K 2 v S - s (x,y) 



At 



\\r t {x-0^y 

28 -s t 



\lft- s (x-0-t+sy ') 



dt. 



25 



t-S 



(31) 



(32) 



(33) 



This transformation yields additional cancellation because afterward, in ( f32b . at the 
same value of t, the function y is evaluated in two points of small homogeneous dis- 
tance. To improve the estimates, we decompose the kernel integral in ( 1321 ) further. 
Setting 

x Vtsjx-O-t+sy' 1 ) , s y t {x-0- t y- 1 ) 
a{t,x) = and d(t,x) = , 



t-s 



t,x) = V ' * '' and c(t,x) = I_°°7-\(*-0- t y-l) 



t-s 



t Q+i 



we have 



K$- S {x,y)-Kl 5 {x,y) 



< / \a(t,x) —d(t,x)\ dt 

J2S 



25 



\a(t,x) — b(t,x) +b{t,x) —c(t,x) +c(t,x) —d(t,x)\ dt 



(34) 



725 



< / \a(t,x) — b(t,x)\dt + \b(t,x)-c(t,x)\dt+ \c(t,x) — d(t,x)\dt 



25 



25 
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Note that in these integrals t — s ~ t. The proof will be completed by showing that the 
estimate d32l > holds with the integrand replaced by each of the three f-integrals at the 
end of ( [34-b . The first of these integrals is 



f f \a(t,x) — b(t,x)\ dtdx 

JGJ2S 



<C / t-y\\i/oD-_ l s (x-0- t+s y- L )-\lfoDi_\(x-0- t y- l )\ dx 

J28JG 

which, by Lemma|2] is bounded by 



dt 



c L IJ^cMm lA-U^r 1 ]! 7 ^,') dx 



25 JG 



where 



dt 

7' 



(35) 



(36) 



H(x,t) 



(1 + \\D;_\[x-0- t+s y-i]\\ 2 y (1 + \\D;_\lx-0- t y- l }\\ 2 ) 1 , 
and I > n. Note that there is a C such that for every t 

[ H(x,t)dx<Ct Q . 
JG 

Hence ( f36b continues as 

/ / \a(t)-b(t)\6tdx 

JGJ2S 

<C\\ w \\ (Ni J~t-Q t e\D-JA(Osy)r 1 }^ 



25 



<c\\w\\ 



dt 



25 



<C||V||( M )- 
The second integral can be written as 



/ / \b(t,x)-c(t,x)\6tdx 

JGJ28 

y,- s (x ■ 0-,r 1 ) yo d;_\ {x-O-tT 1 ) 



GJ2S 



t-S 



t Q+l 



\(t - s y Q - 1 ~r Q - l \-\\ir o D;} s {x ■ 0-,T l )\ dxdf 



= ru t -s)-^-t-^\{ 

J25 JG 



\w oD t-s( x ) \ dxdt- 



dUib) 
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This yields the estimate 



IGJ2S 

<C f f e - 2 
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\b(t,x) — c(t,x)\ dtdx 

I y/oD7} s (x)\ dxdt 



<C t Q - l 8 / 'WoDt\{x)\ dx 



At 



25 

<C [°°t Q - l 8 .(t-s) 

J2S 

<c\W\\x 
<c\W\\ m . 

This was the second part. The third part is 

\c(t ,x) — d(t,x)\ dtdx 



Ivll 



dt 



GJ2S 



GJ2S 



yoD-^x-O-ty- 1 ) V,{x- 0_ t y- 1 ) 



dtdx 



2S JG 



tQ+ l t 
r Q I Y o D~} s {x ■ 0-,r l ) - W° D~ l (x ■ 0-,y- l )\dx — 



dt 



125 JG 

<c\W\ 



r Q I \j/(D7} s x) - y{D7 l x) I dx 



dt 



IN) 



r Q I (D-} s x)~ 1 (D~ 1 x) I Y H(x,t)dx 



dt 



d32pc) 



(37) 



The last step relies on Lemma [2] where I has been chosen such that f G \D t x 
H(x,t)dx < oo, and H is the function 



H(x,t) 



(i+||D->|| 2 y (l + HA-^y 



(38) 



D 



< C and 



Dt-s 



i) t _pi:|L, and the two summands in ( f38l > are bounded by a constant multiple of the 



Since \s\ < 8 and t > 28, we have 

| -DflpcIL, an d the two sv 
second one. Furthermore, 

/ \D7 x x\ y ' -H{x,t)dx<Ct Q 

JG 



< C, that is, \\D, l x\ 
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Using LemmafTOl we continue estimate (|37| | with 
|c(f,x) — d(t,x)\ dtdx 



GJ2S 



<c 


v\ 


(N 3 ) 


I25 


J. 

Jg 


<c 


vl 


(N 3 ) 


I28 




<c 


v\ 




La 


r Q 


<c 


w\ 


(#0 


si 


125 


<c 


w\ 


(N 3 ) 







Lij J H(x,Odx 7 
At 



r Q -rST / \D- l x\ 7 H(x,t)dx — 

JG t 



(l32};d) 



r df 

T — 

t 



Adding <[32hb),<[32pc),<[32]:d) finishes the proof of (O with N' = max{M ,^2,^3}. □ 

6 Proof of Theorem 1 

Proof. The weak type result (O and the L /;l -result (O for 1 < p < 2 follow with the 
help of [ 10 Theorem 3, p. 19], which relies on a Calderon-Zygmund decomposition of 
/, here with respect to the quasi-balls B. The relevant premises have been verified in 
Theoremsg] andQI] 

If 2 < p < oo, let q = and M = jg E y(G) : \\g\\ q < 1 j. Note that <? < 2. 

With the same arguments as in the proof of boundedness for T, but replacing K(y,x) 
for K(x,y), it can be shown that < C||g|| . It follows that 

\\Tf\\ = sup (Tf\g) = sup <f \T*g) < S up\\f\\ p \\T*g\\ q < C p \\f\\ p 

geM geM geM 

forany/eL 2 nl/(G). □ 

7 Example 

Let G\ be the real vector space C x R"~ 2 . We denote its elements by 

x=(u,x'), u*eC, l'=(l3,...,I„)€l™~ 2 . 

Let a, aj , . . . a„ > 0. We introduce a family of dilations with Q = 2a + L" = 3 a j by 

D r x= (r a M,r" 3 x 3 ,..., 

and a family of rotations by Ot(u,x!) = (e lt u,x'). There are several ways to define 
homogeneous norms on G\, each of which has its own advantages. It is known that on 
any homogeneous group any two homogeneous norms | • | and | • | are equivalent in the 
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sense that | • | ~ | • |'. The volumes of the corresponding balls and quasi-balls are also 
equivalent in the sense that jx(B r ■ z) ~ n{B' r -z) and fl(B r (z)) ^ /i(B' r (z)) if the balls 
B,B and B 1 7 B' are defined in terms of the homogeneous norms | ■ | and | • |' respectively. 
Let us consider the homogeneous norms 

W=max{| M |»,|x 3 |^,...,|x„|^}, (39) 

|x|' = inf{r >0 : ||D r _i(x)|| 2 < l}, 

. 1 

2 





n 2 \ 


(nl-r 


IN 37 



The second one has the advantage of being smooth away from the origin, while the 
first one allows effortless calculations. Throughout this section, we will use | ■ |, and 
theorems will be valid for any homogeneous norm. 

If y = (v,y') £ Gi, and if we use the homogeneous norm given by (1391 , the quasi- 
metric ( fT9l ) has the form 

d(x,y) = inf{r > : 3s : \s\ < rA \x-O s y\ < r} , 

= minmaxl \s\, \u-e' s v\" |a:3 — ^3 1 ^ > \x n ~y n \ : 
seK. |_ 1 

With y and r fixed, we have 



x€B r (y) 

d{x,y) < r 



i — _L 

I is I 
\u — e v\, 

s\<r 



max<; min|M-e ,s v| ( Ji, |^3-y 3 |^ 3 , |x„-y„|f } < r. 



(40) 



Lemma 12. For all y = (v,y') in G\ and all r > 0, the volume fJ,(B r (y)) is bounded 
from above and from below by a constant multiple of 

r Q + r Q - a \v\min{\,r}. 

Proof. As a first step, we consider the case n — 2. For v g C, <p € K, and r > let 

B'(*,<p,v)= U {z : Nl 2 <*} + 

By some calculations corresponding to Fig. [2] we see that 

, ,. , ... , ,min{27r,m} .. . . 9 min{27T, m\ 
H(B'(s, 9,v)) < TZs 2 + 7t(\v\+s) 2 - ?c(|v| - s) 2 

? (41) 
= Tts + 2s ■ I v I min{2^, (p} 

<2/i(H'(j ) 9,v)). 
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2s \u\ cp 





Figure 2: The sets £'(1,2,2), B'(2, 1, 1) and £'(2,2, 1). The size of the black areas is 
7t(\u\ — 5 ) 2 EHB^L£i i see equation PTT i. 



Equality holds in the first two lines of (l4Tb if s < |v| and <p < f ■ Setting 5 = r° and 
(p = r, d4lT i yields 



M(5rCy)) = A* (^V, V-)) ~ 7rr 2u + 2r" • |v| min{27T, r}, 
so we are done with the case n = 2. Now let n > 3. Since 

7=3 

we have 

M(£ r (y))=M(B'K,^))-(2r) e - 2 " 

~ (r 2a + r a -\v\mm{l,r})r Q - 2a , 

which completes the proof. 



(42) 



□ 



The following Lemma roughly says that in G\, the volume of the balls B grows at 
least as in spaces of dimension Q — a. 

Lemma 13. There is a constant C such that for any y € G\, r > and j € N we have 

fi(B 2jr {y))>C2^- a ^(B r {y)). 

Proof. □ 

Using LemmafT2lwe obtain the estimate 

pi{B 2]r (y)) ~ (2>r)e + (2^)e-«|y|min{l,2^} 

= 2 i{Q - a] (2 ja r e + r Q - a |v|min{l,2-'r}) 
> 2 i'(2-«) ( r G + r Q-« |v|min{ 1 , r}) 
~C2^e-«) M (£ r (y)), 



(43) 
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Lemma 14. There is a constant C\ such that for all R> 1 , r > andx,y 6 Gi we /zave 
the estimate 



R"r Q 

Furthermore, for any p > a — Q there is a constant C2 such that 



f 2r dt R"r' 



H -o-p , dt ^ RC>r ~ p 



(44) 



(45) 



for all r > and all x,y G G\. These statements are also true when O t is substituted 
for 0- t or when x and y are exchanged on one side. 

Proof. For some constants C\ , C2 we have fj. (B r (y)) <Cir@ + CjrQ~ a | v| min{ 1 , r} by 
LemmaE] If fl(B r (y)) < 2C\r®, then we are done with d44-b because the left side of 
(l44t is bounded by a constant. Otherwise we have jj,(B r (y)) > 2C\r@ and 

M(5 r (y))<2C 2 r2- fl |v|min{l,r}, 

where C2 does not depend on y or r. Note that v ^ 0. Assume for the moment that 

(46) 



/ l{f : \x-0-,y\<Rr\ & < -p ; — f — ry 

Ir 1 1 - ' |v|nun{r, 1} 
Then, with 2R substituted for R, we get 

dt r2r 



f Lr dt _! r r 

y !{« : |jt-0_,.v|<»} y < r J l {t : \x-0-,y\<R2r} dt 

(2R) a r Q 



< 



r<2 "|v|min{r, 1} 



~M(BrW)' 

and the proof of (l44l > would be finished. So let us prove assumption d46b . Note that by 
(T39] > we have 

1 

\x-0-,y\<Rr => \u - e~"v\^ < Rr. 
For any < r < r 1 < r + 2k, it follows with the help of Fig. [3]that 

rr' 

I l{t : \x-0. t y\<Rr} dt < n {t € [0,2jt] : |« — « -, *v| < (/?r) u } 

(i?r) fl 



= ju |f e [0,2n] 
<2,^ 



< 



(47) 



< 



R a r" 
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Figure 3: The length of the thick line is smaller than the circumference of the shaded 
area, see d47l i. 



If r < 1, then (l46l l follows from ( f4Tb with r 1 = 2r because their right hand sides are 
equal. Otherwise, when r > 1, we decompose the integral into the sum 



rZr L'J rr+k+l 

/ : \x-0-,\\<Rr} df < E / ^ {t : \x-0-,y\<Rr} At 

Jr k=0 Jr + k 

W R a {r + k) a 



< 



E 

A:=0 



< — — 



which proves d46b and finishes the proof of d44l >. A dyadic decomposition of the inter- 
val ]0,°°[, equation (l44l i and Lemma [T3l now yield 



dt £ f 2J+ ' r _n_„ . dt 

<£(2V)-e^. Cl 



Hr-Q-P i dt Y [ V+ %-Q-p 1 di 

R a {Vr)Q 



J= Q V(Bvr(y)) 

P,M(^ r (y))M(Sr(y)) 

~ll{B r {y))£ 
R a r-P 



which proves d45l l. □ 
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8 Calderon-Zygmund kernels 



There is a number of related notions of "standard" Calderon-Zygmund kernels in the 
context of homogeneous spaces, see iflOl p. 29] (3 1 [9]. We say that K is a Calderon- 
Zygmund kernel with respect to a quasi-metric d, corresponding quasi-balls B and a 
measure ju, if there exist constants k > 1, E > 0, and C such that for all x,y,y the 
following estimates hold: 

\K(x,y)\< C and (48) 

\K(y,x)-K(y,x)\ + \K(x,y) - K(x,y)\ 

<c (d(y,y)V 1 if k ■ d(y,y) < d(x,y). (49) 

\d(x,y)J fi(B d{xj) (y)) 

There are hints that the kernels introduced in Sect. [5]are of this type. We examine an 
example in the setting made up in Sect. [7] 

Theorem 15. Let G = G\, D, d, and O as in Sect. ^\and let K be a kernel Ky, where 
\jf(O t x) — y{x), supp C B[ and J Iff = 0, as defined in Sect. [5] Then there exist k, c, 
£, and C such that K is a Calderon-Zygmund kernel in the sense of ( I48l l and (1491 . 

Proof. We choose some k > 4 such that under the condition k ■ d(y,y) < d(x,y), we 
have d(x,y) ~ d(x,y) as in d20l > and furthermore 4d(y,y) < d(x,y). Then it is sufficient 
to show ( |48T > and j49l ) with d(x,y) replaced by A = min{d(x,y),d(x,y)}. Note that if 
x—O-iy € supp or Oji-^e suppi//,, then |jc — O-ryl < t and consequently (i(x,y) < 
t. Thus we have 

K(x,y)= [ Wt (x-0-,y)^- 
Ja t 

and Lemma [T4l with p = yields 



l^(*.y)l < 



r°° n 

/ t y ||rlL-l{ ( :|.v-0_,y|<r}' 
J A 



At 

l 



<c||H 



'n(BA(y)V 

proving j48l . We continue with the proof of (|49l ), which is trivial if y = y, so we assume 
y j^y. Due to the rotational symmetry of y/, we have 

K(y,x)= [ w ,(O t y-x)-. (50) 

J A t 

Setting 8 — d(y,y), the estimate < 45 < A holds, and it suffices to verify that 

^- K ^ ic (^'-WM) <51) 

and 



\K(y tX )-K M \<C[-) -j^. (52) 
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Because of (l50l l. ( 1521 can be shown with the same techniques as ( IBTt . so we prove ( BTT i 
only. Choose some real number s, \s\ < 8, such that \O s y — y\ < 5. Then \s\ < ^A and 

\K(x,y)-K(x,y)\ 



[y{D- 1 (x - 0-,y) - y{D; 1 (* - 0_,j?) )] At 

[ [{t- s )-Q-\{DT} s {x-0- t+s y))-t-2-W{D7\x-0-,y))] dt 
< i (t - s) - Q - 1 • I W(D7-s (* - 0- t+s y) ) - w(D7-\ (x - 0- t y) ) | dt 

J%A 

+ [ \{ t -s)-Q-' -t-Q-'\-\ w {D;} s {x-0- t y))\ dt 

r ~t-Q- 1 ■ \y{D^,{x-0- t y))-\r{DT\x-0- t f)))\ dt 



dt 



dt 



3 fl(t)- + L /2(0- + /, /3(0-, 
|a f J%A t J|a f 



d/ 



where f\, fi, and /3 are the integrands in the preceding lines. They are supported in 
the sets 

supp/i C {t > : \x - 0- t y\ < It or \x - 0-, (O s y) \<2t}, 
supp/ 2 , supp/ 3 C {t > : |jc- 0_,y| < 2f} . 
Lemma[T4lvields 



{supp/ ^ } f ~M0Ato)~M0A(y))' 



(53) 



We now complete the proof by estimating the integrands /) against appropriate powers 
of t . We have 

/! (?) = (t- s)-Q ■ | W(D7- S (x - 0- t+ sy)) ~ ¥(D7- S (x - 0- t f>) \ 
<\\Vy\U-Q\\D;} s {Osy-y)\l 



HV^IUf-e D^D 5 \O s y-y) 



<\\^wU- Q 



D 



<Cil|Vy/|L5 r r e -T, 

where y = min{a,fl2, . . .,«„}. Together with d53l ) this implies the inequality 

J|a f 

df 
? 

1 



<Ci||V V -|L« 1 ' / f- e - r -l{ S upp/ l} ' 



(54) 



'g\ r 
<C 2 ||Vy,|| [- 



A) H{B A (X)) 
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In a similar way we obtain 



f2(t) = \(t-s) 



-e-i _ *-<2-i i 



y{D;\{x-0- t y))\t 



At 



/2W7 < HVvlLr y 3 



<c|ML&~ e_1 > 



re- 1 -! 



dr 



{su PP / 2 }y < IMI 



A M(«A(y)) 



(55) 



Furthermore, we have the estimate 



M)=r Q -\ Y(DT- S (x - 0- t y)) - v(Z>r ' (* " 0-,y) \ 

< \\v v \u-Q-\\(D^ s -D; l )(x-o^y)\\ 2 



(D-\-ld)D-\x-0- t y) 



Note that p t-> D x }_ 
a constant such that 

and 



<l|Vy|Lf~ G - ( D ih-M) 



/aW^cilvvfLSrfi- 1 , 





5 


< 


7 - 







At 



At 



1 



Adding inequalities 

-K(x,y)\ < C- (\\w\L+ \\^¥\U 



and using | < 1 , we obtain a constant C such that 

g\min{l,y} ^ 



(56) 



□ 
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